Background {#Sec1}
==========

Survival and reliability analysis is a very important branch of statistics. It has many applications in many applied sciences, such as engineering, public health, actuarial science, biomedical studies, demography, and industrial reliability. The failure behavior of any system can be considered as a random variable due to the variations from one system to another resulting from the nature of the system. Therefore, it seems logical to find a statistical model for the failure of the system. In other applications, survival data are categorized by their hazard rate, e.g., the number of deaths per unit in a period of time. The modeling of survival data depends on the behavior of the hazard rate. The hazard rate may belong to the monotone (non-increasing and non-decreasing hazard rate) or non-monotone (bathtub and upside-down bathtub \[UBT\] or unimodal hazard rate). Several lifetime models have been suggested in statistics literature to model survival data. The Weibull distribution is one of the most popular and widely used models in life testing and reliability theory. Lindley ([@CR11]) suggested a one-parameter distribution as an alternative model for survival data. This model is known as Lindley distribution. However, we suggest that Weibull and Lindley distributions are restricted when data shows non-monotone hazard rate shapes, such as the unimodal hazard rate function (Almalki and Nadarajah [@CR1]; Almalki and Yuan [@CR2]).

There are several real applications where the data show the non-monotone shape for their hazard rate. For example, Langlands et al. ([@CR10]) studied the data of 3878 cases of breast carcinoma seen in Edinburgh from 1954 to 1964 and noticed that mortality was initially low in the first year, reaching a peak in the subsequent years, and then declining slowly. Another real problem was analyzed by Efron ([@CR6]) who, using head and neck cancer data, found the hazard rate initially increased, reached a maximum, and decreased before it finally stabilized due to therapy. The inverse versions of some existing probability distributions, such as inverse Weibull, inverse Gaussian, inverse gamma, and inverse Lindley, show non-monotone shapes for their hazard rates; hence, we were able to model a non-monotone shape data.

Erto and Rapone ([@CR7]) showed that the inverse Weibull distribution is a good fit for survival data, such as the time to breakdown of an insulating fluid subjected to the action of constant tension. The use of Inverse Weibull was comprehensively described by Murthy et al. ([@CR13]). Glen ([@CR9]) proposed the inverse gamma distribution as a lifetime model in the context of reliability and survival studies. Recently, a new upside-down bathtub-shaped hazard rate model for survival data analysis was proposed by Sharma et al. ([@CR16]) by using transmuted Rayleigh distribution. Sharma et al. ([@CR17]) introduced the inverse Lindley distribution as a one parameter model for a stress-strength reliability model. Sharma et al. ([@CR18]) generalized the inverse Lindley into a two parameter model called "the generalized inverse Lindley distribution." Finally, a new reliability model of inverse gamma distribution referred to as "the generalized inverse gamma distribution" was proposed by Mead ([@CR12]), which includes the inverse exponential, inverse Rayleigh, inverse Weibull, inverse gamma, inverse Chi square, and other inverse distributions.

The Lindley distribution was proposed by Lindley ([@CR11]) in the context of the Bayes theorem as a counter example of fiducial statistics with the probability density function (pdf)$$\documentclass[12pt]{minimal}
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Ghitany et al. ([@CR8]) discussed the Lindley distribution and its applications extensively and showed that the Lindley distribution is a better fit than the exponential distribution based on the waiting time at the bank for service. The inverse Lindley distribution was proposed by Sharma et al. ([@CR17]) using the transformation $\documentclass[12pt]{minimal}
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Another two parameter inverse Lindley distribution introduced by Sharma et al. ([@CR17]), called "the generalized inverse Lindley distribution," is a new statistical inverse model for upside-down bathtub survival data that uses the transformation $\documentclass[12pt]{minimal}
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                \begin{document}$$X = Z^{{ - \frac{1}{\alpha }}}$$\end{document}$, we introduce a more flexible distribution with three parameters called "extended inverse Lindley distribution", (EIL) and this gives us a better fit for upside-down bathtub data.

The aim of this paper is to introduce a new inverse Lindley distribution with its mathematical properties. These include the shapes of the density and hazard rate functions, the moments, moment generating function and some associated measures, the quantile function, and stochastic orderings. Maximum likelihood estimation of the model parameters and their asymptotic standard distribution and confidence interval are derived. Rényi entropy as a measure of the uncertainty in the model is derived. Application of the model to a real data set is finally presented and compared to the fit attained by some other well-known distributions.

The extended inverse Lindley distribution {#Sec2}
=========================================

An extended inverse Lindley distribution with parameters $\documentclass[12pt]{minimal}
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**Definition** {#FPar1}
--------------
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*Remark* {#FPar2}
--------

The pdf ([3](#Equ3){ref-type=""}) can be shown as a mixture of two distributions as follows:$$\documentclass[12pt]{minimal}
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Survival and hazard functions {#Sec3}
=============================

The survival and hazard rate functions of the EIL distribution are respectively given by$$\documentclass[12pt]{minimal}
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Moments, moment generating function, and associated measures {#Sec4}
============================================================

**Theorem 1** {#FPar3}
-------------
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*Proof* {#FPar4}
-------
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Quantile function {#Sec5}
=================

**Theorem 2** {#FPar5}
-------------
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*Proof* {#FPar6}
-------
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                \begin{document}$$F(Q(p)) = p$$\end{document}$. By substitution, we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left[ {1 + \frac{\theta }{\theta + \beta }\frac{\beta }{{(Q(p))^{\alpha } }}} \right]e^{{ - \frac{\theta }{{(Q(p))^{\alpha } }}}} = p.$$\end{document}$$
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Special cases of the EIL distribution {#Sec6}
=====================================

The EIL distribution contains some well-known distributions as sub-models, described below in brief.

Inverse Lindley distribution {#Sec7}
----------------------------

The inverse Lindley distribution (IL) shown by Sharma et al. ([@CR18]) is a special case of the EIL distribution; $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha = \beta = 1.$$\end{document}$ Using ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}), the pdf and cdf is given by$$\documentclass[12pt]{minimal}
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The associated hazard rate function using ([6](#Equ6){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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The generalized inverse Lindley distribution {#Sec8}
--------------------------------------------

The generalized inverse Lindley distribution (GIL) as shown by Sharma et al. ([@CR18]) is a special case of the EIL distribution; $\documentclass[12pt]{minimal}
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The associated hazard rate function using ([6](#Equ6){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$${\rm h}(x) = \frac{{\alpha \theta^{2} (1 + x^{\alpha } )}}{{x^{\alpha + 1} \left[ {(1 + \beta )x^{\alpha } \left( {e^{{\frac{\theta }{{x^{\alpha } }}}} - 1} \right) - \theta } \right]}};\quad x\text{ > }0.$$\end{document}$$

The rth row moment for the GIL is then given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$M_{X} (t) = \sum\limits_{n = 0}^{\infty } {\frac{{t^{n} }}{{n\text{!}}}} \theta^{{\frac{n}{r}}} \frac{\alpha (\theta + 1) - n}{\alpha (\theta + 1)}\Gamma \frac{\alpha - n}{\alpha },\quad n\text{ < }\alpha .$$\end{document}$$

Inverse Weibull distribution {#Sec9}
----------------------------

The inverse Weibull distribution (IW) is a special case of EIL distribution; $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm F}(x;\theta ,\alpha ) = e^{{ - \frac{\theta }{{x^{\alpha } }}}} ,\quad \text{ }x\text{ > }0.$$\end{document}$$

The associated hazard rate function using ([6](#Equ6){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$${\rm h}(x) = \frac{\alpha \theta }{{x^{\alpha + 1} \left( {e^{{\frac{\theta }{{x^{\alpha } }}}} - 1} \right)}};\quad x\text{ > }0.$$\end{document}$$

Stochastic orderings {#Sec10}
====================

Stochastic orderings of positive continuous random variables is an important tool used judge comparative behavior. A random variable $\documentclass[12pt]{minimal}
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The following implications (Shaked and Shanthikumar [@CR15]) are well known:$$\documentclass[12pt]{minimal}
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The following theorem shows that the EIL distribution is ordered with respect to "likelihood ratio" ordering.

**Theorem 3** {#FPar7}
-------------
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*Proof* {#FPar8}
-------
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Estimation and inference {#Sec11}
========================
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Rényi entropy {#Sec12}
=============

Entropy is a measure of variation of the uncertainty in the distribution of any random variable. It provides important tools to indicate variety in distributions at particular moments in time and to analyze evolutionary processes over time. For a given probability distribution, Rényi ([@CR14]) gave an expression of the entropy function, so called Rényi entropy, defined by$$\documentclass[12pt]{minimal}
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Application {#Sec13}
===========

In this section, we demonstrate the applicability of the EIL model for a real data. The data listed in Table [1](#Tab1){ref-type="table"} represents the flood levels for the Susquehanna River at Harrisburg, Pennsylvania, over 20 four-year periods from 1890 to 1969 and was obtained in a civil engineering context and give the maximum flood level (in millions of cubic feet per second). This data have been widely used by authors and were initially reported by Dumonceaux and Antle ([@CR5]). Upadhyay and Peshwani ([@CR20]) applied a Bayesian analysis for model comparison between lognormal and Weibull models and concluded that the lognormal fit the data better than the Weibull model. Singh et al. ([@CR19]) reported that inverse Weibull distribution fits this data better than other distributions, such as gamma, Weibull, flexible Weibull, and lognormal.Table 1Flood level data for the Susquehanna river0.6540.6130.3150.4490.2970.4020.3790.4230.3790.3240.2690.7400.4180.4120.4940.4160.3380.3920.4840.265

For this data, we fit the proposed $\documentclass[12pt]{minimal}
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The expectation--maximization (EM) algorithm is used to estimate the model parameters. The MLEs of the parameters, the Kolmogorov‒Smirnov statistics (K--S) with its respective *p* value, and the maximized log likelihood (logL) for the above distributions as well as our proposed model are given in Table [2](#Tab2){ref-type="table"}. They indicate that the EIL distribution (proposed model) fits the data better than the other distributions. The $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec14}
==================

In this paper, a new three-parameter inverse distribution, called extended inverse Lindley distribution, was introduced and studied in detail. This model has more flexibility than other types of inverse distributions (one, two and three parameters) due to the shape of its density as well as its hazard rate functions. It was shown that the density of the new distribution can be expressed as two components of the Weibull density function and a generalized gamma density function. We introduced the pdf, cdf, hazard rate function, the moments, moment generating function, and the quantile function in simple mathematical forms. Maximum likelihood estimation of the model parameters and their asymptotic standard distribution and confidence interval are derived. Rényi entropy as a measure of the uncertainty in the model is derived. Application of the model to a real data set is presented and compared to the fit attained by some other well-known inverse Lindley and inverse Weibull distributions, such as inverse Lindley, generalized inverse Lindley, inverse Weibull and generalized inverse Weibull.
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